Explicit form of eigenvectors of selfadjoint extension H ξ , parametrized by ξ ∈ 0, π), of differential expression H = − d 2 dx 2 + x 2 4 considered on the space L 2 (R + ) are derived together with spectrum σ(H ξ ). For each ξ the set of eigenvectors form orthonormal basis of L 2 (R + ).
Introduction
A selfadjoint (s. a.) Hamiltonian H D of the one-dimensional linear harmonic oscillator is generated by the differential expression
with appropriate definition domain D. It is known that operator H D has pure point spectrum and its eigenfunctions form orthonormal basis in L 2 (R), and H D is unique s.a. operator generated by H on L 2 (R). The situation is quite different on L 2 (R + ), there is one-parametric set of s.a. operators H ξ , ξ ∈ 0, π) with corresponding definition domains D ξ and with the same differential expression (1) ( [1] ,p. 137). All these s.a. operators are s.a. extensions of the closed symmetric operatorĤ with the domainD = ξ∈ 0,π) D ξ . Following the theorem ([2] p. 246) all these extension have the same essential spectrum. As e.g. σ ess (H ξ=0 ) = ∅, the same is valid for all operators H ξ . In other words, for any ξ ∈ 0, π)there exist ONB formed by eigenvectors of H ξ . The purpose of this contribution is to derive their explicit form and express σ(
The following relations holds for PCFs [3] (7.711, 8.370, 8.372):
].
(4)
Two Lemmas and two Theorems
It is known that the differential expression (1)
is selfadjoint operator on
So, if D ν will belong to D ξ (H) for some ν then D ν will be eigenvector of considered self adjoint operator with eigenvalues ν + 1/2. Eq.
(3) guarantees that D ν lies in L 2 (R + )).
The last condition gives relation
Values D ν (0) and D ′ ν (0) can be calculated using definition (2), but we have to distinguish two cases:
In both cases condition (8) is fulfilled by the set of Hermitian functions {h 0 , h 2 , h 4 , . . .} and {h 1 , h 3 , h 5 , . . .}, respectively. It is known that both sets form orthonormal bases in L 2 (R + ).
Eq.(7) has to be solved for ν. First we prove two lemmas.
Lemma 1:
,
In this case we rewrite the sum β(−ν) in the following form:
.
For considered values of ν ∈ (2M − 2, 2M − 1), M = 1, 2, . . . the products (−ν + k + 1)(−ν + k + 2) are positive, and therefore all dominators of the members in the previous sum are positive and so β ≤ 0 (note that − 1 ν < 0). Remark: Comparing functions Γ(−ν) and β(−ν) we have relation
It shows that normalization factor c(ν) (Eq.3)) is correctly defined. 3. In the intervals (−∞, 1), (M, M +1), M = 0, 1, . . . , y is continuous decreasing function.
Proof:
1. First assertion is a direct consequence of explicit form [3] (8.314) of function Γ.
For the remaining assertions it is sufficient to prove that sequence {y(−2n)|n ∈ N 0 } is growing and lim n→∞ y(−2n) = +∞. As y(−2n) can be expressed as y(−2n) = Γ(n + 1 2 ) Γ(n) = √ π(2n − 1)!! 2 n (n − 1)! [3] (8.339), the assertion can be easily verified.
2. Γ -function has no zero points. Therefore y(ν) = 0 iff |Γ(− ν 2 )| = ∞. i. e. ν = 2n.
3. For y ′ (ν) we obtain
Using the relations Denote, further, by E ξ the set
The set E ξ ⊂ D ξ contains all eigenvectors of s.a. operator H ξ , and the set {ν + 1 2 , ν ∈ Ω ξ } contains all eigenvalues of H ξ . Note that orthogonality of two different eigenvectors can bee seen also from the Eq.(4). For different µ, ν fulfilling the condition Γ(
(what is our case), Eq. (4) is the scalar product in L 2 (R + ) equal zero. Moreover, the Eq. (3) guarantees that the eigenvectors are normalized.
Denote, further,Ĥ restriction of H ξ to domain
OperatorĤ is closed, symmetric with deficiency indices (1,1) [1] (prop. 4.8.6, p.129), and H ξ is a s. a. extension ofĤ for any ξ ∈ 0, π). S.a. extensions H ξ=0 and H ξ= π 2 have pure point spectrum, it is equivalent to existence of orthonormal bases in L 2 (R + ) : in the case D ξ=0 (H) = {h 2n+1 |n = 0, 1, 2, . . .}, and in the case D ξ= π 2 (H) = {h 2n+1 |n = 0, 1, 2, . . .}. As we mentioned in introduction, the same is true for all H ξ Consequently, one can write theorem Theorem 2
The set E ξ consisting of eigenvectors of H ξ is an orthonormal basis in L 2 (R + ) for any ξ ∈ 0, π), and σ(H ξ ) = {ν + 1 2 , ν ∈ Ω ξ }.
Concluding remarks
Presented results can be translated to the case L 2 (R − ). In this casẽ
is ONB in L 2 (R − ). These two bases can be combined to the base in L 2 (R). As L 2 (R) = L 2 (R + ) ⊕ L 2 (R − ). Then for any pair (ξ, σ) ∈ 0, π) × 0, π) the set E ξ ⊕Ẽ σ is basis in L 2 (R). Explicitly 
